The theory of the dynamic bulk modulus, K (), of a porous rock, whose saturation occurs in patches of 100% saturation each of two different fluids, is developed within the context of the quasi-static Biot theory. The theory describes the crossover from the Biot-Gassmann-Woods result at low frequencies to the Biot-Gassmann-Hill result at high. Exact results for the approach to the low and the high frequency limits are derived. A simple closed-form analytic model based on these exact results, as well as on the properties of K () extended to the complex -plane, is presented. Comparison against the exact solution in simple geometries for the case of a gas and water saturated rock demonstrates that the analytic theory is extremely accurate over the entire frequency range. Aside from the usual parameters of the Biot theory, the model has two geometrical parameters, one of which is the specific surface area, S/V, of the patches. In the special case that one of the fluids is a gas, the second parameter is a different, but also simple, measure of the patch size of the stiff fluid. The theory, in conjunction with relevant experiments, would allow one to deduce information about the sizes and shapes of the patches or, conversely, to make an accurate sonic-to-seismic conversion if the size and saturation values are approximately known.
I. INTRODUCTION
The Biot theory is the appropriate starting point for the analysis of acoustics in fluid-saturated porous and permeable media, although many real materials, such as sedimentary rocks, certainly do have other, additional operative mechanisms. The theory does, however, work well in the sense that it is usually able to predict the speeds of sound of a saturated sample if the dry speeds are measured and the fluid properties are known. A possible exception occurs when a sample is partially saturated with two very different fluids, such as a gas and a liquid which shall be called ''water'' here. On the one hand, the argument is that the effective modulus of the pore fluid is given by Wood's law, K W , which is exact for the static compressibility of a two-fluid mixture. The use of K W in the Biot-Gassmann equations then makes a prediction about the saturation dependence of both compressional and shear speeds. This was most convincingly demonstrated by Murphy ͑1984͒ and subsequently by Mavko and Mukerji ͑1998͒. On the other hand, if one of the two fluids is a gas this Biot-Gassmann-Woods ͑BGW͒ theory predicts that there is a very abrupt change in the compressional modulus when only a very small gas saturation is introduced; essentially the compressional modulus is either the dry value or the fully saturated value and it is very unlikely to lie in between the two limits. This feature is seriously questioned by the acoustic logging data of Brie et al. ͑1995͒ who showed that there is a continuum of measured speeds ranging from the dry to the saturated values.
A possible way out had been suggested by White ͑1975͒ and White et al. ͑1976͒ who showed that if the acoustic sample is 100% saturated with water in some regions ͑''patches''͒, and 100% saturated with gas in others, then the BGW limit holds only if the frequency is so low that the pore pressure has time to equilibrate between the two phases. ͓In point of fact, this last low frequency limiting feature was pointed out by Dutta and Odé ͑1979a, b͒ and Dutta and Seriff ͑1979c͒ who corrected several mistakes in the original White papers.͔ This equilibration process is governed by the socalled Biot acoustic slow wave, a diffusive phenomenon in which the diffusivity depends upon the permeability of the sample, the viscosity of the fluid, etc. Norris ͑1993͒ pointed out that the high frequency limit of this process is a situation in which the shear modulus is globally constant and the bulk modulus is piecewise constant within each patch. Thus within each patch the bulk modulus is given by the BiotGassmann equation evaluated with respect to the saturating fluid within that patch. Within the context of ordinary elasticity theory, when the shear modulus is everywhere constant, Hill's theorem ͓Hill ͑1963, 1964͔͒ gives the exact result for the resulting effective modulus for the composite. This Biot-Gassmann-Hill ͑BGH͒ result for the effective bulk modulus is much more smoothly varying as a function of gas saturation than is the BGW theory. Dvorkin et al. ͑1999͒ showed, in fact, that BGH, considered as a function of saturation, is numerically very similar to the empirical formula proposed by Brie et al. ͑1995͒ . Finally, a number of authors have shown experimentally that it is possible to see either BGW or BGH behavior, depending upon the saturation protocol and the measurement frequency ͓Mavko and NolenHoeksema ͑1994͒; Knight et al. ͑1998͒; Cadoret et al. ͑1995, 1998͒; Mavko and Mukerji ͑1998͔͒ . To be sure, not all of these authors give the same interpretation to the underlying physical phenomenon as I do here, although all of them do a͒ Electronic mail: thesound@ridgefield.sdr.slb.com see a dramatic difference in acoustic properties, depending upon saturation technique and/or frequency.
The crossover frequency between BGW and BGH scales roughly as c ϳD/L 2 , where D is the slow wave diffusivity ͓cf. Eq. ͑9͒ ͑below͔͒ in the region with the ''harder'' fluid ͑water͒, and L is the ''size'' of the patch for that fluid. The goal of this article is to present a simple theory of the frequency dependence of that crossover, which depends upon only two parameters reflective of the patch geometry. It is presumed that the frequency is always low compared to two different crossover frequencies, B , the Biot frequency, and x , the frequency at which the wavelengths become comparable to the size of the patches.
One of the parameters in the theory is simply the specific area of the boundary surface between the two patches ͑the ratio of the surface area to the sample volume͒. Therefore, one could in principle determine the sizes of the patches by means of the observed frequency dependence of the acoustic speeds and attenuations. These two parameters appear in the exact results for the approach to the aforementioned high and low frequency limits, which are discussed in the next section. The general features of the crossover behavior, including the low and high frequency limits, are illustrated with two simple, specific geometries, the concentric spheres and the periodic slab geometries, in Sec. III. The simple model for K () respects these low and high frequency limits as well as other, general properties of the exact result, considered as a function of complex-valued frequency. It is described in Sec. IV.
In Sec. V the model is used in conjunction with the Pochhammer-Cree equation to investigate the dispersion and attenuation of extensional modes in a fully saturated cylinder. Comparison is made against calculations done with the full Biot theory in that geometry. This allows one to validate the use of the theory in the frequency range around c as well as to see its breakdown as one crosses x and B . The paper is summarized in Sec. VI where it is indicated how one might use this model in a practical sense to extract information about the size and shape of the patches. As far as I am aware, there is no other existing technique for doing so except, perhaps, in the case that a gas patch is so large it may be detected as a ''bright spot'' in seismic reflections.
It is understood that other mechanisms, such as the microscopic ''squirt'' mechanisms ͓Mavko and Nur ͑1979͒; Murphy et al. ͑1986͔͒, may well dominate the effects considered here. It is known that the squirt mechanism in sandstone is greatly reduced if there is a nominal confining stress on the sample which closes all the cracks. It is also known that acoustic speeds in carbonate rocks are generally less sensitive to applied pressure ͓Anselmetti and Eberli ͑1993͒; Winkler and Liu ͑1996͔͒, which implies that carbonate rocks have fewer ''cracks'' to close than do sandstones. Therefore, the dominant mechanism for in situ, partially saturated rocks may well be the patchy saturation effect. In any event, this is the exclusive focus of the present manuscript. Even within the context of patchy saturation, it may well be the case that the wetting fluid preferentially saturates regions of small pores, because of capillary effects ͓Goertz and Knight ͑1998͔͒. This effect is also not considered in the present manuscript. Rather, the porous medium is assumed to be everywhere homogeneous, except for the saturating fluid.
II. THEORY

A. General considerations
Consider, then, a porous and permeable solid, which we presume to be describable by the Biot equations. It is saturated with two different Newtonian fluids, having saturations S 1 and S 2 ϭ1ϪS 1 ; at any point in the sample it is saturated 100% either with the one fluid or the other. Within the context of the Biot theory we consider the response of the sample to a uniform compressive stress, applied at a finite frequency. We presume that this frequency is low enough that throughout the sample the Biot theory is everywhere in its low frequency limit. Thus the fast compressional and shear waves are nondispersive and nonattenuating whereas the slow compressional wave is diffusive in character. The starting equations are essentially those of Biot ͑1956͒:
Here, the tensor represents the total stress ͑solid plus fluid phases͒, p f is the pore pressure, u(U) is the displacement of the solid ͑fluid͒ phase, is the porosity, k is the permeability, and is the fluid viscosity. and p f are related to the strains in the fluid, E i j , and solid, ⑀ i j , phases in the usual manner ͓Biot ͑1956͔͒:
Explicit expressions for P, Q, and R in terms of K s , the bulk modulus of the solid phase, K b , the bulk modulus of the porous skeleton, and K f the bulk modulus of the pore fluid, are given by Biot and Willis ͑1957͒ in somewhat awkward form; they are also given in Johnson ͑1986͒:
N is the shear modulus of the skeleton frame. Written in this way, continuity of •n , p f , u, and U"n are guaranteed by Eqs. ͑1͒ and ͑2͒ even if the fluid properties are discontinuous across a surface whose outward normal is n . Equations ͑1͒ and ͑2͒ follow from the full Biot equations simply by setting to zero all inertial terms and by taking the dynamic permeability, k (), equal to its dc value, k; this is essentially the approach employed by Norris ͑1993͒. Dutta and Odé ͑1979a, b͒ also explicitly showed that this approach gives the same results as the full Biot theory as long as the frequency is low enough. The requirement is Ӷ B where the Biot crossover frequency is expressible in terms of the fluid density, f , and the tortuosity of the pore space, ␣ ϱ as
using the notation of Johnson et al. ͑1994͒ . In a homogeneously saturated medium the ''normal mode'' solutions of Eqs. ͑1͒ and ͑2͒ are as follows: ͑a͒ There are solutions in which the fluid and solid are locked together, uϭU, and the total stress is related to their ͑mutually equal͒ strain by the usual equations of isotropic elasticity: i j ϭK BG ⑀ ll ␦ i j ϩ2N(⑀ i j Ϫ(1/3)⑀ ll ␦ i j ). Here, N is the shear modulus of the porous skeleton and K BG ϵ Pϩ2QϩR Ϫ(4/3)N is the Biot-Gassmann result for the compressive modulus:
The dependence of K BG on K f is emphasized for later use. ͑b͒ There are also solutions to Eqs. ͑1͒ and ͑2͒ in which the fluid and solid are not locked together and all relevant quantities obey a diffusion equation with a diffusivity given by:
where an explicit expression for D and limiting behaviors thereof are given in Chandler and Johnson ͑1981͒:
.
͑9͒
Were the medium to be homogeneously saturated with a single fluid, these equations, taken literally, imply that compressional and shear waves should propagate unattenuated with speeds given by
respectively. ͑ is the total density.͒ The neglected terms in the full Biot equations predict, among other things, that the compressional and shear modes are dispersive and possess attenuation; these effects are explicitly neglected in this article as compared against those induced by patchy saturation.
If saturation of the sample occurs in patches, however, in which two different fluids occupy different regions then, at any instance of time, the wave-induced pore pressure in the one fluid will be different from that in the other. The pressures will try to equilibrate via the diffusive mechanism mentioned above. All relevant quantities will vary continuously from point to point. There is a crossover frequency which is determined by the time it takes a pressure wave to diffuse across a characteristic patch size. This claim can be made more precise, as follows.
It is assumed that although the saturation occurs in patches, there is a size scale, large compared to the patches, but small compared to a relevant acoustic wavelength, over which the sample is statistically homogeneous from one such region to the next. What are the elastic properties of such a region? Consider a characteristic volume element and imagine either that it is periodically repeated throughout space or that the external boundary is sealed against flow. In either case, the condition
͑12͒
holds true on the bounding surface. The sample is subjected to an oscillatory external normal stress, •n ϭϪP e n e Ϫit , which is spatially uniform over the bounding surface and this induces an oscillatory change in the sample volume, ␦Ve Ϫit . The relevant question is: What is the effective bulk modulus, K ()ϭϪV( P e /␦V), of the sample? In general, the answer to this question depends upon the spatial distribution of the two fluids, but there are simple, exact results which apply to the high and low frequency limits.
This question makes sense only if the frequency is low enough that the wavelengths of the fast compressional and shear waves are large compared to the dimensions of the patches. That is, in addition to Ӷ B as discussed above, the condition Ӷ x should hold where
V sh is the speed of the slower shear wave in the two patches and L is a characteristic patch dimension. The theory presented here presupposes, then, that c Ӷ( B , x ) so that one can investigate the crossover region from Ӷ c to ӷ c while maintaining the validity of the two quasistatic assumptions Ӷ( B , x ). Let us, therefore, consider the low frequency and high frequency limits of Eqs. ͑1͒ and ͑2͒ with the understanding that the frequency is never so high as to violate the quasistatic assumption. Depending on the values of the parameters in the problem, of course, it is possible that there may be no window of validity for this quasi-static approximation. In Sec. III I will discuss a specific example of a geometry in which c , x , and B are readily apparent. To the extent that the physics can accurately be described by Eqs. ͑1͒ and ͑2͒ it is clear that K () is a scaled function of the combination L 2 /k, where L is an overall size factor ͓Dutta and Odé ͑1979a, b͔͒. Thus the results presented in this article can be rescaled for different permeabilities and different overall sizes.
B. Low frequency limit
If the frequency is low enough, then during each half cycle of oscillation the fluid in the pore space is able to equilibrate at a common value. The effective modulus of the pore fluid is given by Wood's law, K W , which is exact for the static modulus of two liquids:
where S j and K f j are the saturation and modulus, respectively, of the j-th fluid. From Eqs. ͑1͒ and ͑2͒ it is an exact result, independent of the spatial distribution of the fluids, that the static modulus is given by the Biot-Gassmann expression for a fictitious fluid whose modulus is
K BGW , which makes physical sense. This is proven directly from Eqs. ͑1͒ and ͑2͒ in Appendix A; Dutta and Odé ͑1979b͒ had proved this explicitly for the spherical shells model but it is true for any patch geometry. From Eq. ͑14͒ it is clear that when the fluids, gas and water, say, have moduli which differ by orders of magnitude, as in Table I , then K BGW is dominated by the properties of the more compressive fluid, unless the saturation is nearly 100% that of the other fluid.
One can do better, however, by developing a perturbation theory in which the solution is expanded in powers of , viz:
and similarly for the other variables. Equations ͑1͒ and ͑2͒ must hold order by order, and so the solution at zeroth order becomes a source term for the first order, etc. For example, the first order contribution to the pore pressure satisfies
The idea is that the macroscopic expression for the energy dissipation per cycle, which can be expressed in terms of K (), is equal to the same quantity expressed as a volume integral of the appropriate combination of microscopically varying field variables. This equality must hold order by order, in powers of . The macroscopic expression for the power dissipation averaged over one cycle is
where the integral is taken over the bounding surface of the sample. The microscopic expression is
͑18͒
From Eq. ͑18͒ it is simple to see that the lowest order nonzero contribution to P is proportional to 2 and it involves
Therefore, from Eq. ͑17͒, K () must have an expansion of the form
where the real-valued parameter TϾ0 is defined in terms of the solution to an auxiliary problem which follows directly from Eq. ͑16͒. Let
and let ⌽(r) be the solution to
͑21͒
The result for T, after a lot of algebra, is
͑22͒
Equation ͑21͒ is mathematically equivalent to an electrical conductivity problem in which there is a position dependent conductivity, 1/(r), and a distributed current source, g(r), for which electrical neutrality, ͐g(r)dVϵ0, is guaranteed by Eq. ͑14͒. The function ⌽(r) plays the role of the electrostatic potential. Consequently, the parameter T depends on the geometry of the patches in a complicated and nonlocal way, which can be solved only in certain simplifying geometries, as is done later in this section. The physical significance of the parameter T can be more easily understood in the simple extreme in which one phase ''gas'' is much more compressible and much less viscous than the other ''fluid'' phase: K g ӶK f and g Ӷ f , i.e., as if the gas phase is a simple vacuum. Define the auxiliary function ⌽ , defined on the space occupied by the fluid, V f , by
subject to the boundary condition
⌽ ϵ0 ͑24͒
on the interface with the vacuum phase, as well as the usual no net-flow boundary condition on the external surface of the sample. The relevant ''size'' of the fluid phase, l f , may be defined by integrating ⌽ over the space occupied by the fluid:
This kind of definition of an effective size occurs in other contexts involving diffusion ͓Torquato ͑1991͒; Eqs. ͑19͒-͑21͒ of Wilkinson et al. ͑1991͒; Bug et al. ͑1992͔͒ . For the special case of a sphere of radius R, l f ϭR/ͱ15. Also, let us define a diffusion coefficient: 
D T is reminiscent of, though distinct from, the diffusivity of a deformable skeletal frame in an incompressible, viscous fluid ͓cf. Eq. ͑2.11͒ of Johnson ͑1982͔͒. Then, in this limit that the one phase is a vacuum, the parameter T is the mean lifetime for diffusion across the fluid patch:
Note that, in this limit, T is independent of the modulus K f . Note also that the parameter T is always inversely proportional to permeability. It is worth recalling that the neglected terms in the full Biot theory also predict a low frequency dependence analogous to Eq. ͑19͒ but with a coefficient which is proportional to k ͓Johnson et al. ͑1994͔͒. Therefore, there is a critical value of the permeability such that if the sample permeability is higher than this value, the neglected terms in the full Biot theory are more important than the patchy saturation mechanism considered here. In such cases, the full Biot theory must be used, rather than the quasi-static limit of Eqs. ͑1͒ and ͑2͒. The situation is similar to that which may occur in the extensional modes of a permeable cylinder ͓Johnson and Kostek ͑1995͔͒. To oversimplify somewhat, one may say that in these situations B Ͻ c , thus invalidating one of the key assumptions for this kind of theory.
C. High frequency limit
If the frequency is high enough the pore pressures in the two phases do not have enough time to equilibrate within one half cycle. Consequently, to a first approximation the pore pressure is constant within each phase, and there is a discontinuous jump in pore pressure across the boundary between phases. The situation is that the shear modulus is everywhere constant, having value N, whereas the bulk modulus has the value K 1 ϭK BG (K f 1 ) in region 1 and similarly for region 2. In such a situation Hill's theorem ͓Hill ͑1963, 1964͔͒ is an exact result for the effective bulk modulus of the composite, which shall be denoted K BGH :
The composite is always elastically isotropic whether or not the geometry is isotropic. Thus the high frequency limit of K () is K BGH , as Norris ͑1993͒ more or less has observed. Hill's theorem was originally proved for the case of two constituents but the obvious extension of Eq. ͑28͒ to the case of arbitrarily varying K(r) is also true ͓Milton ͑2001͔͒.
To this point, on the surface which separates region 1 from region 2 the total stress is continuous, the displacements of the fluid and of the solid ͑which are locked together͒ are continuous, but the pore pressure is discontinuous, having a value p f
(1) in region 1 and similarly for region 2. ͑p f ( j) has a different meaning than it did in the previous subsection.͒ In reality, continuity of pore pressure is achieved by the generation of a slow compressional wave which propagates/diffuses away from the interface. In the immediate vicinity of the interface the pore pressure is, therefore,
where x is a local coordinate normal to the interface and
is the wave vector of the slow wave in region jϭ1,2 in terms of the diffusion coefficient given by Eq. ͑8͒. It is understood that the frequency is high enough that ͉q j Ϫ1 ͉ is everywhere small compared with the local radius of curvature on the surface so that locally the interface is flat. Amplitudes A, B are determined by the requirement that the pore pressure, p f (r), and the fluid flux, ͓uϪU͔•n , be continuous:
By setting the macroscopic dissipation implied by K (), Eq. ͑17͒, equal to the volume integral of the microscopic dissipation engendered by this slow wave mechanism, Eq. ͑18͒, one can derive an expression for the imaginary part of K () in this high frequency limit, valid for real-valued . Recognizing that K (Ϫ*)ϭK *() when is extended to the complex plane allows one to deduce an analytic expression for the approach to the high frequency limit:
where the real-valued coefficient G is
is the would-be discontinuity in pore pressure across the interface, S, between the two regions.
Although the pore pressure and the relative flux are now continuous, the total stress and the individual displacements are now slightly discontinuous. However, the amplitudes of these discontinuities are of order O(
) and they extend a distance from the interface which is also of order O(
). Therefore, corrections to Eq. ͑33͒ are of order O(
)ϭO( Ϫ1 ). These corrections, therefore, do not affect the validity of Eq. ͑33͒.
It is a remarkable feature of Hill's theorem that the volumetric component of the strain, ⑀ ll , is spatially uniform within each region and the theorem specifies how this constant value relates to the applied compressive stress, P e , as well as to the elastic constants of the two phases: cf. Eqs. ͑4.12͒ of Hill ͑1963͒:
where jϭ1,2 labels the region in question. This result holds independent of the shape of the patch and is true even if the patch is not contiguous. Since the pore pressure in each phase, far from the interface, is given by p f ( j) ϭϪ(1/)(R j ϩQ j )⑀ ll ( j) from Eq. ͑4͒ for the j-th region, we have the result that the would-be discontinuity is constant along the interface between the two regions and may therefore be factored outside the integral in Eq. ͑34͒. The final result may be succinctly written as:
where ⌬ p f / P e is the would-be discontinuity in pore pressure, relative to the applied external stress, and is given exactly as:
͑37͒
The effective wave vector, q*, is a property of the two phases adjoining the interface:
where the effective diffusivity is
S/V is the ratio of the boundary area between the two phases, S, to the sample volume, V. In Eq. ͑36͒ it is the only quantity which is reflective of the patch geometry; K BGH , D*, and ⌬p f depend only upon the saturation values.
III. EXAMPLES: SLAB AND CONCENTRIC SPHERES GEOMETRIES
To illustrate these high and low frequency limits as well as the general frequency dependence of this crossover phenomenon, it is straightforward to consider two simple geometries: ͑a͒ The concentric spheres geometry whereby region 1 is a sphere of radius R a surrounded by region 2 of outer radius R b . By imposing the no-flow boundary condition on the outer surface White ͑1975͒ and Dutta and Odè ͑1979a, b͒ have used this geometry as a model for a periodic array of spherical inclusions. One has S 1 ϭ(R a /R b ) 3 , S/V ϭ3R a 2 /R b 3 , and Eq. ͑21͒ can be solved in closed form to get the following expression for T:
͑b͒ The periodic slab geometry whereby region 1 is a layer of thickness L 1 and region 2 is a layer of thickness L 2 , periodically repeated as in White et al. ͑1976͒ and Norris ͑1993͒.
, and, again, T can be evaluated in closed form:
͑41͒
Equations ͑1͒ and ͑2͒ can be solved numerically exactly using techniques analogous to those of, e.g., Dutta and Odè ͑1979a, b͒, for the concentric spheres, and Norris ͑1993͒, for the slab geometries. The method of solution is described in Appendix B. The patchy effect is maximized when the frame modulus is relatively weak ͑so that the overall stiffness is sensitive to the type of fluid saturation͒, one fluid is gas and the other is a liquid such as water ͑so that the two fluids are quite different͒, and the gas saturation is relatively small ͑so that BGW and BGH have very different values͒. The parameter set in Table I was chosen with these conditions in mind. The results are shown in Fig. 1 for three geometries, all at the same gas saturation, S g ϭ10%. The left column is the real part of K (), whereas the right column is the specific attenuation, 1/Q K ϭϪImag K ()/Real K (). The first and second rows are for the concentric spheres geometry. In the top row the gas occupies the inner sphere, whereas in the second row water occupies the inner sphere. The third row is the slab geometry. The results are plotted over a wide frequency range simply to emphasize the approach to the limiting results, Eqs. ͑19͒ and ͑33͒. In reality, the frequency x /(2), Eq. ͑13͒, is approximately 8 kHz. The Biot crossover frequency, Eq. ͑6͒, is B /(2)ϭ128 kHz.
The solid lines are the results of numerical calculations. The values for K BGW and K BGH are indicated as horizontal dashed lines (K BGW ϽK BGH ). The high and low frequency asymptotes, Eqs. ͑19͒ and ͑36͒, are indicated as dotted lines; the real part of Eq. ͑19͒ is simply K BGW . The dashed line is the theoretical model, to be discussed in the next section. It is immediately apparent that the shapes of the curves for K () are quite different in the three cases even though the values of K BGW and K BGH are the same ͑because the values for the saturations are the same͒. Moreover, the shapes do not change if one simply rescales the relative sizes in the geometry while keeping the saturations fixed. This resizing simply rescales the frequency axis, leaving the shapes unaffected, as was discussed earlier in this section. An understanding of these different shapes is provided by the theoretical model, as follows.
IV. THEORETICAL MODEL FOR K "…
Any closed-form expression for K () with claims to be accurate is constrained, not only by Eqs. ͑19͒ and ͑36͒, but also by fairly general considerations based on causality. Since the relaxation mechanism is diffusive in character, any singularities of K () as well as those of 1/K () must occur for on the negative imaginary axis. Moreover, because K () is the Fourier transform of a real-valued response function, one has the reflection symmetry K ͑ Ϫ*͒ϭK *͑͒.
͑42͒
These properties are proven in Appendix C. Although there must be an infinitude of such analytic functions that satisfy these exact relations, it is likely that any two of them differ very little from each other, or from the exact solution, for values of on the real axis. What might such an analytic function look like? In order for Eq. ͑33͒ to be satisfied, it must have either a branch point somewhere on the negative imaginary axis, or an infinite sequence of poles on the negative imaginary axis. It must also obey Eq. ͑19͒. The very simplest imaginable such function is, perhaps, that suggested by Pride et al. ͑1993͒ in an analogous context:
where consistency with Eqs. ͑19͒ and ͑33͒ requires
In Eq. ͑43͒ the branch cut in the definition of the square root function, ͱZ, is taken to be along the negative real Z-axis.
With this convention, it is straightforward to demonstrate that all poles, zeroes, and branchcuts of Eq. ͑43͒ lie on the negative imaginary -axis. There is a simple pole if and only if Ͼ1. This function, for real values of , is plotted in Fig.  1 as dashed lines. It is clear that it is an excellent approximation to the exact solution in all cases. Note that the parameters and are not fitting parameters, but are calculated from S/V and T separately, as indicated above, so that Eq. ͑43͒ has the correct, exact limiting behaviors. Moreover, the validity of the comparison has been checked over the range of saturations S g ϭ1% to S g ϭ99%. There is no need to consider different values of the permeability or of the overall size scale since they simply change the scale of the frequency axis. The examples used here are for a relatively compressible rock, using gas and water. If a more rigid rock were used, or if the two fluids were more similar, then the patchy saturation effect is diminished, but Eq. ͑43͒ is able to accurately describe the physics. To the extent that Eq. ͑43͒ accurately describes K (), it is obvious that the parameter , given by Eq. ͑45͒, is a shape parameter, whereas sets the frequency scale. When Ͻ1, the crossover region is quite broad, whereas when Ͼ1,
FIG. 1. Dispersion ͑Real ͓K ()͔͒ and attenuation
͓1/Q K ϭϪImag K ()/ Real K ()͔ due to the patchy saturation effect for a gas/water combination, S g ϭ10%, in three different situations. Solid lines are numerically exact solutions, dotted lines are the high and low frequency limiting expressions, Eqs. ͑36͒ and ͑19͒, and dashed lines represent the analytic expression, Eq. ͑43͒. ͑a͒ Top row: The gas is located in an inner sphere, R a ϭ4.642 cm, surrounded by a shell of water, R b ϭ10 cm. ͑b͒ Middle row: The roles are reversed, R a ϭ9.655 cm, R b ϭ10 cm. ͑c͒ Bottom Row: A periodic slab geometry, L g ϭ2 cm, L w ϭ18 cm. The other material parameters are listed in Table I . The values of , Eq. ͑45͒, are shown. the crossover region is quite narrow, as seen in the examples of Fig. 1 . When Ͼ1, Eq. ͑43͒ has a simple pole at ϭϪi(2Ϫ1)/. It is this pole which causes the specific attenuation, 1/Q K , to overshoot the high frequency asymptote in the first row of Fig. 1 . There is no pole anywhere in the complex -plane when Ͻ1. It bears emphasizing, however, that the numerically exact solution does not have the same singularities as does the model, Eq. ͑43͒. Rather, the former possesses a countably infinite sequence of simple poles on the negative imaginary axis and no branch points. Fortunately for the success of this model, acoustic measurements are done with real values for the frequency.
Finally, the results of this section allow one to make a more careful definition of the crossover frequency. A reasonable choice would be that frequency where the high and low frequency asymptotes for 1/Q K intersect, as is seen in the right half of Fig. 1 . From Eqs. ͑19͒, ͑36͒-͑39͒, and ͑45͒ this frequency may be written as
͑46͒
As was indicated in the Introduction, the crossover frequency is of the form c ϭD/L 2 , but to the extent that Ϸ1, it would appear that the relevant diffusivity is D*; the relevant patch size is V/S, modified by the prefactors as indicated. These prefactors, however, depend only upon the numerical value of the saturations and not on the patch geometry. There may very well be better ways of rewriting Eq. ͑46͒.
V. MODES IN A FULLY SATURATED POROUS CYLINDER
The previous sections dealt with situations in which the two conditions, Ӷ B and Ӷ x , were presumed to be valid even though the frequency may be large or small compared to c . In this section I describe a simple geometry in which all three crossover frequencies are readily apparent and for which the quasi-static limit is well-described by the effective bulk modulus given by Eq. ͑43͒.
Consider a porous and permeable cylindrical rod, of radius a, which is fully saturated with a Newtonian fluid. Let us assume the pore space is ''open'' to the surrounding air, which can successfully be approximated as a vacuum. The question is: What are the axially symmetric normal modes of propagation in such a system? Here, a normal mode is one for which the axial and temporal variations of the displacements and stresses are given by exp͓i(k z ()zϪt)͔. It may seem that this problem is unrelated to the topic of this article inasmuch as the pores are now open, not sealed, but I will demonstrate not only that the patchy saturation model, Eq. ͑43͒, is relevant but also that this problem can clearly demonstrate the various crossover frequencies.
If the rod were simply an elastic material, the dispersion of the normal modes, k z (), would be given in terms of the solution to the classical Pochhammer-Cree equation, which naturally follows from the requirement that the relevant stress components vanish on the surface of the rod. See, for example, Eq. ͑6.131͒ of Achenbach ͑1973͒. The inputs to this equation are the density, , the bulk modulus, K, the shear modulus, N, and the radius, a, of the rod.
For the case at hand in which the rod is porous and permeable, the Biot theory must, in general, be used. The validity of using the Biot theory to describe extensional modes in open-pore rods was established experimentally by Mörig and Burkhardt ͑1989͒. The method of calculation is analogous to that of the Pochhammer-Cree equation but because there are fast and slow compressional components to the modes, as well as a shear component, there needs to be an additional boundary condition for which there is no analog in ordinary elasticity theory. If the pore space of the rod is open to the surrounding air, the additional boundary condition is taken to be that the pore pressure vanishes on the surface of the rod: p f (rϭa)ϭ0. Of course the total stress also vanishes on the surface: (rϭa)•n ϭ0. Results of such numerical calculations are described by Dunn ͑1986͒ and by Johnson and Kostek ͑1995͒. The desired complex-valued wave vector, k z (), is given as a root of a specific determinantal equation. The results of such calculations using the parameter set of Table I are presented in Fig. 2 . In order to use the full Biot theory it was assumed that f ϭ1000 kg/m 3 , s ϭ2650 kg/m 3 , and ␣ ϱ ϭ3.52 in the notation of Johnson and Kostek ͑1995͒. The radius of the cylinder is aϭ10 cm. The phase velocity, V E , and the specific attenuation, 1/Q E , for these extensional modes are related to k z () by
͑47͒
There are three distinct features in these plots which will be discussed momentarily.
First, however, suppose for a moment that the rod is saturated in an inner cylinder of radius bϽa. If the pore space in the region bϽrϽa is ''saturated'' by vacuum then p f (r)ϵ0 in the region bϽrϽa. In this case, it really does not matter if the outer radius is sealed or open. Therefore the low frequency acoustics of this system may be accurately described by the model K (), Eq. ͑43͒. Since K g ϵ0, one has K W ϭ0 and K BGW ϭK b regardless the value of b. This is still true in the limit b→a, i.e., if the porous cylinder is fully saturated and the open-pore boundary condition holds. In Eq. ͑43͒ one has S f →1, K BGH →K BG (K f ), and S/V→2/a. The diffusion length l f , Eq. ͑25͒, is l f →a/ͱ8 ͓Wilkinson et al. ͑1991͔͒. It is simple enough to use K (), Eq. ͑43͒, in the Pochhammer-Cree equation and repeat the mode search in order to determine the dispersion and attenuation of extensional modes. These results are also plotted in Fig. 2 .
Three observations are noted: ͑1͒ The structure that is centered in the region 10-100 Hz is precisely the patchy saturation effect about which this article is concerned. The model K () does an excellent job of accurately describing the acoustic properties in this region, as it was intended to do. ͑2͒ The dispersion centered at 4 kHz is due to the fact that the wavelengths are becoming comparable to the radius of the cylinder. This feature is essentially identical to that calculated from the Pochhammer-Cree equation using a fre-quency independent modulus given by K BG (K f ). Strictly speaking, this is now outside the intended range of validity of the patchy saturation model, Eq. ͑43͒, because the patch size is also equal to a. Thus the crossover frequency, Eq. ͑13͒, for this problem is x /(2)ϭ4 kHz. ͑3͒ The onset of additional attenuation at high frequencies predicted by the full Biot theory is not at all captured by the patchy saturation model because this represents the onset of the crossover region within the Biot theory itself. From Eq. ͑6͒ one has B /(2)ϭ128 kHz. All three crossover frequencies, c , x , and B , are thus clearly manifested in Fig. 2 .
The rather large value of the rod radius, aϭ10 cm, was chosen so that the three crossover frequencies would be well separated. If the radius was chosen to be a factor of 10 larger still, then c would be reduced by a factor of 100, x would be reduced by a factor of 10, and B would be unaffected. Conversely, if the radius were much smaller than 10 cm, the three crossover effects would tend to overlap. Similarly, if the permeability were decreased by a factor of 10, then c would be reduced by a factor of 10, x would be unaffected, and B would be increased by a factor of 10.
For the problem of extensional modes in a fully saturated cylindrical rod, Gardner ͑1962͒ developed a wellknown low frequency approximation to the full Biot theory, his Eq. ͑3.6͒, which may be written as
V p is the speed of the fast compressional wave, Eq. ͑10͒, and q is the wave vector of the slow wave, Eq. ͑30͒. A plot of the dispersion and attenuation predicted by Eq. ͑48͒ is virtually indistinguishable from that of the full Biot theory for frequencies below 1 kHz in Fig. 2 ; this kind of comparison is analyzed in Johnson and Kostek ͑1995͒. Similarly, the low frequency limit of the Pochhammer-Cree equation can be simplified to yield FIG. 2 . Dispersion and attenuation of axissymmetric modes in a fully saturated porous cylinder of radius a ϭ10 cm using the full Biot theory and using the patchy saturation model, K (), in the Pochhammer-Cree equation. The parameter set is as in Table I ͑water͒. It was also assumed that f ϭ1000 kg/m
where the effective Young's modulus is
͑51͒
Below 1 kHz, Eq. ͑50͒ is virtually indistinguishable from the results of the mode search using the Pochhammer-Cree equation and K (). Equations ͑48͒ and ͑50͒ certainly seem different but it is the central theme of this article that they can predict very similar acoustic results. It is not always the case that Eqs. ͑48͒ and/or ͑50͒ are accurate descriptors of the low frequency acoustics of a porous fluid-saturated cylinder. If the permeability is so high that x Ӷ c then there is no frequency range over which either of these low frequency approximations accurately describe the attenuation. This point is the subject of the article by Johnson and Kostek ͑1995͒.
VI. CONCLUSIONS
In summary, a simple analytic model for the frequency dependence of the bulk modulus due to the diffusive equilibration of two different pore fluids has been presented in Eq. ͑43͒. The model presumes the frequency is low compared to B , Eq. ͑6͒, and compared to x , Eq. ͑13͒. The model introduces only two parameters characteristic of the geometry of the saturation patches. These parameters are T, given by Eqs. ͑20͒-͑22͒, and S/V, the ratio of the surface area of a patch to the sample volume; they enter into the exact expressions for the high and low frequency limits. In the special case that the ''gas'' phase may be approximated as a vacuum, T is the diffusion time for equilibrating stress in the porous skeleton over the size, l f , of the fluid patch, where l f is defined by Eq. ͑25͒. The model agrees very well with the numerical results for simple geometries. It is asserted that the model will also work well in other, not so simple geometries but in order to check one must do detailed numerical calculations. The usefulness of the result is that the model can be used to predict seismic-sonic drift, to analyze 4D seismic studies, and it can be used to determine the approximate sizes of the patches, presuming, of course, that one is confident that one is dealing with a situation in which this mechanism is the dominant one. In a practical sense, and may be taken as the two parameters, determined by a fit to acoustic data, and S/V and T ͑or l f ͒ deduced therefrom. In short, the wave vector of the slow wave, q(), may be used as a yardstick for measuring patch characteristics. 
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APPENDIX A: STATIC LIMIT
In this Appendix it is shown that the Biot-GassmannWoods result ͑BGW͒ holds true in the static limit, regardless of the geometry of the patches. Consider the relations which are the inverse to those of Eqs. ͑3͒ and ͑4͒:
͑A5͒
Equation ͑A1͒ and the coefficient ␣ are discussed by Nur and Byerlee ͑1971͒. As far as I know, Eq. ͑A2͒ appears here for the first time. In Eqs. ͑A1͒-͑A5͒, since it is assumed that the porous rock is homogeneous, only the coefficient f depends upon the saturating fluid and, therefore, it is the only coefficient which is position dependent. From Eq. ͑4͒ it is clear that p f is spatially constant in the static limit. In this limit, then, the solutions may be taken to have the property that i j and ⑀ i j are global constants whereas E ll is constant within each patch. There are two such types of static solution:
͑a͒ Pure shear: In this case ll ϵ0, p f ϵ0, E ll ϵ0, and ⑀ i j ϭ(1/2N) i j , as one would expect intuitively. ͑b͒ Pure compression: Here the stress is spatially constant, with a value given by the external stress i j ϭϪP e ␦ i j . The volumetric strain of the solid phase is globally constant with a value
and the volumetric strain in the fluid phase is constant within each patch: j) ) is the value appropriate to the jth region. From the assumed boundary condition on the external surface, either periodic or sealed pore, we have:
Therefore,
where K W is the Wood's law modulus, Eq. ͑14͒. The pore pressure, p f , can be eliminated between Eqs. ͑A6͒ and ͑A9͒ with the result that
and the theorem is proved. Combining the results for shear and compression, the static limit for the deformation in a patchy-saturated porous medium, subject to the no-net-flow boundary condition, may be written
͑A11͒
APPENDIX B: METHOD OF NUMERICAL SOLUTION FOR SLAB AND CONCENTRIC SPHERES GEOMETRIES
It is relatively simple to solve Eqs. ͑1͒ and ͑2͒ numerically if the geometry of the patches is either the periodic slab or the concentric sphere geometry. The method of solution is sketched out here in this Appendix.
Periodic slab geometry
Here it is assumed that region 1 is a layer of thickness L 1 and region 2 is a layer of thickness L 2 , periodically repeated along the z-axis as in White et al. ͑1976͒ and Norris ͑1993͒. Here, S 1 ϭL 1 /(L 1 ϩL 2 ). We consider a problem in which the two displacements u, U point in the z-direction. Moreover, all variables depend only upon the z-coordinate. By the symmetry of this problem the solution to Eqs. ͑1͒ and ͑2͒ has the property that there is no relative flow at the midpoint of each slab so, in effect, this geometry may be considered either as a periodic structure or as a sealed boundary unit.
From Eq. ͑1͒ it is clear that 33 is constant everywhere. Equation ͑3͒ simplifies to:
Equations ͑2͒ and ͑4͒ can be combined as
͑B2͒
In Eqs. ͑B1͒ and ͑B2͒, the material constants , P, Q, and R have different values within the two different regions. There are two different kinds of solutions to Eqs. ͑B1͒ and ͑B2͒: ͑1͒ The first kind is one for which u(z)ϵU(z). Here one has d 2 u/dz 2 ϵ0 from Eq. ͑B2͒. Therefore, for this kind of solution
where z 0 is an arbitrary constant and K BG (K f ) is given by Eq. ͑7͒. ͑2͒ The second kind of solution is one for which ( PϩQ)u(z)ϩ(RϩQ)U(z)ϵ0. For this kind of solution 33 ϭ0; u and U vary as exp(Ϯiqz) where q() is given by Eq. ͑30͒ for region 1 or 2. ͑q is different in the two regions.͒ Within each region the general solution is a linear combination of the various solutions described above:
There are six unknown constants, (z 0 ,A,B) in each of the two regions, which are determined by the requirement that the particular solution must satisfy certain boundary conditions. Without loss of generality one may set z 0 ϵ0 in one of the regions because a departure from this assumption merely represents an additional overall translation of the entire geometry. The remaining five parameters are determined by the five boundary conditions: continuity of u, U, and p f on the boundary between the two slabs and equality of u and U on each of the midpoints of the two slabs. The five equations in five unknowns can be inverted using a commercial linear equation solver with the result that each z 0 , A, or B is linearly related to 33 . Inasmuch as the problem has been defined in terms of a uniaxial strain deformation, the resulting effective bulk modulus, K (), can be deduced from the solution via
Note that this solution for K () is independent of z and independent of the value of 33 .
Concentric spheres geometry
Here region 1 is a sphere of radius R a surrounded by region 2 of outer radius R b :S 1 ϭ(R a /R b ) 3 . The outer surface is presumed to be sealed: u(R b )ϭU(R b ). The method of solution is analogous to that of the slab geometry, above. Here, the spherically symmetric solutions to Eqs. ͑1͒ and ͑2͒ obey the following equations:
r ͪͬ ϭ0,
͑B6͒
and
r ͪͬ .
͑B7͒
The solutions for which u(r)ϵU(r) are linear combinations of r and r Ϫ2 . The solutions for which ( PϩQ)u(r)ϩ(R ϩQ)U(r)ϵ0 are linear combinations of spherical Bessel functions, j 1 (qr) and n 1 (qr), where q is given by Eq. ͑30͒. There are eight unknown amplitudes: A, B, F, G in each of the two regions. The requirement that the particular solution be finite at rϭ0 implies Bϭ0 and Gϭ0 in region 1. The remaining six boundary conditions are: continuity of u, U, p f , and rr at rϭR b , the sealed pore boundary condition u(R b )ϭU(R b ), and rr (R b )ϭϪP e where P e is the externally applied pressure. Again, a linear equation solver allows one to invert for the numerical value of each of the six remaining constants, and the field variables are determined uniquely everywhere. The bulk modulus, K (), can be deduced from this solution via its definition: K () ϭϪV( P e /␦V) where Vϭ(4/3)R b 3 and ␦Vϭ4R b 2 u(R b ):
where A 2 , B 2 refer to the coefficients A and B in region 2.
APPENDIX C: ANALYTIC STRUCTURE OF K "…
The frequency dependent bulk modulus is the Fourier transform of a real-valued causal response function ͓pp. 247-262, Landau and Lifshitz ͑1960͔͒:
Equation ͑C1͒ allows for the analytic continuation of the definition to include complex values of . We see by inspection that K ͑ Ϫ*͒ϭK *͑͒,
͑C2͒
where the asterisk connotes complex conjugation. We also see by inspection that K () is analytic everywhere in the upper-half complex -plane. Any singularities of K () must lie in the lower half-plane. For the problem at hand, we now show that all singularities lie on the negative imaginary axis. First, a preliminary identity will be derived. Consider a specific eigenvalue problem in which all quantities vary as u(r)exp(Ϫi n t), etc., where n is the complex-valued eigenvalue. The fields obey the equations of motion ͑1͒ and ͑2͒, the no-net-flow boundary condition, Eq. ͑12͒, and they also obey the following imposed condition on the bounding surface:
͵ u"*"n dSϭ0.
͑C3͒
The quantities appearing in Eq. ͑C3͒ are understood to be the position dependent parts, only. Consider the following identity applied to any one of the eigenmodes:
where D i j ϭ i j Ϫ(1/3) ll ␦ i j is the deviatoric part of the stress tensor. The first equality follows from Eq. ͑1͒, the second follows because is symmetric, and the third follows from Eq. ͑A1͒. The integral of the LHS of Eq. ͑C4͒ over the volume of the sample vanishes because of Eq. ͑C3͒. Therefore, the desired identity is derived:
͑C5͒
This integral is, therefore, real-valued for any eigenmode. Next, consider Eq. ͑2͒, rewritten slightly:
Take the dot product of Eq. ͑C6͒ with U*Ϫu* and integrate over the sample volume:
ϭ ͵ ͑ U i *Ϫu i *͒p f ,i dV ϭ ͵ p f ͑ U*Ϫu*͒•n dSϪ ͵ ͑ E ll *Ϫ⑀ ll *͒p f dV. ͑C7͒
The surface integral vanishes, either because the surface is sealed or because of the periodic boundary conditions. The strain elements can be eliminated by use of Eqs. ͑A1͒ and ͑A2͒. The cross term can be eliminated by means of Eq. ͑C5͒. Therefore,
